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Flow of Viscoelastic Fluids Past a F l a t  Plate 
R. A. HERMES and A. G. FREDRICKSON 

University of Minnesota, Minneapdis, Minnesoto 

The flow of vixoelastic fluids past a flat plate has been investigated. Experimental studies 
were performed with aqueous solutions of sodium carboxymethylcellulose used as viscoelastic 
fluids and corn syrup as a viscous Newtonian fluid. I t  was observed that the flow patterns of 
elastic and inelastic fluids are markedly different. Tracer particles placed in the approaching 
viscoelastic fluids to follow their motion were seen to first decelerate and then to accelerate 
until a nearly constant velocity was reached. On the other hand tracer particles in the Newtonian 
fluid were observed merely to decelerate smoothly to the constant velocity. 

The drag force measured for the viscoelastic fluids was found to be roughly twice that pre- 
dicted by inelastic models of fluid behavior. Predicted and measured values of the drag force 
for the Newtonian fluid agreed well. 

A discussion of mathematical solutions to the problem of flow of viscoelastic fluids past a flat 
plate is given. Solutions are obtained for a prototype of flow past a flat plate, the suddenly 
accelerated flat plate (Stokes’ problem) with linear viscoelastic models used. The results from 
Stokes’ problem qualitatively explain the anomalous kinematical behavior and the large dmg 
force. 

Many important commercial processes involve the flow 
of viscoelastic fluids in complex geometries. Although 
very general constitutive equations have been provided 
for these fluids (6, 7, IO), few engineering problems 
using them have been solved. The problem considered in 
this paper is flow of viscoelastic fluids past a flat plate, a 
prototype of many flow situations encountered in indus- 
try. Studies of complex flow situations are important from 
a fundamental viewpoint also. For viscometric flows the 
general theory of Coleman and No11 (6) can be shown 
to reduce to the determination of three material functions: 
a viscosity function and two normal stress differences (7) .  
The simple degeneracy of these flows comes about be- 
cause the kinematical histor of a material particle is the 

described in the literature for the measurement of all 
three of these material functions (9, 12, 17, 21). The 
next step in elucidating the nature of viscoelastic fluids 
seems to be the study of complex flows where at least 
some of the degeneracy of laminar shear flows is removed. 

Recent results on steady complex flows of non-New- 
tonian fluids that display viscoelastic properties show con- 
flicting results. In some situations it has been found that 
solutions of the equations of motion using inelastic, non- 
Newtonian models are sufficient to describe macroscopic 
variables of primary engineering interest. For example, 
Sutterby (29) found that laminar converging flow in a 
conical section could be described by a non-Newtonian, 
inelastic model he roposed. Likewise Sadowski (23)  

same for all past times wit K in its memory. Methods are 

has shown that his B ata on flow in a packed bed could 

R. A. Hermes is with Mobil Oil Corporation, Dallas, Texas. 

be described by using the Ellis model. On the other hand, 
Walters and Savins (26) have shown that the flow pat- 
terns around a rotating sphere are qualitatively different 
for a viscoelastic fluid than for an inelastic fluid. Sakiadis 
(24, 25) has done experimental studies on entrance ef- 
fects into a capillary and found larger pressure losses 
and a longer entrance length than redicted by inelastic 

However, no definite method of predicting the importance 
of elastic effects a priori has been given. However, one 
can probably say that the longest relaxation time of the 
fluid must be of the same order or greater than some 
characteristic time of the system, if elastic effects are to 
be of importance. More experimental and theoretical work 
is needed to establish the conditions under which visco- 
elastic effects are important. 

Recently, attention has been turned to flow past sub- 
merged objects (19, 31 ). These flows are important from 
a fundamental standpoint because they are unsteady in 
the Lagrangian sense. That is, the kinematic state viewed 
by a material particle changes as it traverses the object. 
It is in these flows in which the kinematic history of a 
material particle changes with time that elastic effects 
are usually manifested. 

theory. Many other examples coul c f  be cited, of course. 

THEORY 

The problem of flow of purely viscous fluids past a flat 
plate (boundary-layer flow) has been studied in detail. 
For Newtonian fluids many solutions, both exact and ap- 
proximate, are available (27). Acrivos et al. (1, 2) and 
Schowalter (28) have analyzed this problem for fluids 
which obey the power law model 
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where rl is twice the symmetric part of the velocity 
gradient. Schowalter investigated the conditions under 
which similarity solutions exist and Acrivos et al. com- 
puted solutions for various values of the fluid index. Ap- 
proximate solutions of the Pohlhausen type are also avail- 
able (2 ,  3 ) .  Hermes ( 1 1 )  showed that a Pohlhausen ap- 
proximate solution can be found for a modified version of 
the Ellis model (20)  : 

For viscoelastic fluids the only work reported has been 
concerned with attempts to extend the classical boundary- 
layer technique to modifications of the second-order fluid 
(22,31)  : 

p = 7 rl + wzrl-rl + w3r2 ( 3 )  

where rz is the convected time derivative of rl; it is often 
called the second Rivlin-Ericksen acceleration tensor. 
White and Metzner (31) have simplified the e uations 

equation for the direction perpendicular to the plate can 
be neglected, that the variation of the normal stress p,, 
along the direction parallel to the plate is negligible, and 
that a Prandtl order of magnitude analysis is valid. They 
then show that similarity solutions to the simplified equa- 
tions of motion do not exist for the second-order fluid. 

Metzner and h h i t e  (18) have applied the second- 
order fluid boundary-layer analysis to the entrance flow 
problem. The method used involves an approximate solu- 
tion with the assumption that the velocity profiles are 
nearly similar. Their results show increases or decreases 
in the entrance length dependknt on values chosen for 
the elasticity parameters. 

While these attempts which use the second-order type 
of model serve as a starting point, they are subject to 
such severe criticism that few conclusions can be drawn 
from them. First of all, the results depend on the validity 
of the assumed kinematical behavior. In all these schemes 
it is assumed that the kinematical behavior and the rela- 
tive orders of magnitude of various quantities are similar 
to those found for Newtonian fluids. The assumption of 
similarit of velocity profiles in any approximate scheme 
has dodtful  basis. For Newtonian fluids similarity of the 
velocity profiles follows from the fact that the system has 
no characteristic length. For viscoelastic fluids however 
the fluid has a nonzero characteristic time. The presence 
of this characteristic time would be expected to be mani- 
fested as an equivalent characteristic length. In this case 
similarity of velocit profiles should not be anticipated. 

is also doubt Y ul. The second-order model results from as- 
suming that the kinematics of all past times within the 
fluid’s memos can be described by a truncated Taylor 
series about t i e present time. Since flaw past a flat plate 
causes a material particle to experience rapidly changing 
kinematical states (at least in neighborhood of the lead- 
ing edge), a Taylor series of a few terms probably fails 
to give an accurate approximation of past kinematical 
happenings. This conclusion has been reached in other 
instances where the second-order model has been used 
in situations where the kinematical happenings as viewed 
by a material particle change rapidly (5, 8 ) .  

Since the use of the second-order model discussed above 
seems to be of limited value in predicting the behavior 

of motion for flow past a flat plate by assuming B t at the 

The validit of t I: e second-order model in this situation 

near the leading edge, a method usin integral (long 

the complexity of the kinematical relationships in this flow, 
the direct use of integral constitutive equations is out of 
the question also. Another approach is to examine the 
unsteady state analog of this problem, the suddenly ac- 
celerated flat plate (Stokes’ first problem). This technique 
simplifies the mathematical problem considerably, since 
implicit nonlinear time dependence is replaced by linear 
explicit time dependence. The solution of this problem for 
Newtonian fluids gives impetus to the solution for classi- 
cal boundary-layer flow (27). Thus, a comparison of the 
solutions to Stokes’ problem with linear integral visco- 
elastic fluid models used with those from the correspond- 
ing Newtonian model may be useful in giving a qualita- 
tive idea of the effects of elasticity in flows of viscoelastic 
fluids past a flat plate. In particular, the wall shear stress 
as a function of time for Stokes’ problem is analogous to 
the wall shear stress as a function of distance down the 
plate for the flow past a flat plate problem. 

Consider a flat wall of infinite extent above which is an 
infinite sea of fluid at rest. Let the x coordinate lie along 
the plate; the y coordinate, normal to the plate; and the 
origin, in the wall. At time zero the wall is suddenly set 
into motion in the x direction with constant velocity. Sup- 
pose the fluid is described by the linear model 

memory) constitutive equations is nee 2 ed. Because of 

axi a d  
pij = s_’ +(t  - U) - - rlmn (Xp,t’)dt‘ (4) a x m  a x n  

where + is the relaxation function (9). The x’s denote 
current coordinates, while the X’s represent material co- 
ordinates. The equations of motion reduce to 

au a p x y  

at ay P-=- 

with boundary conditions 

By a straightforward method where Laplace transforms 
are used, this system of equations can be solved for the 
shear stress at the wall: 

(7) 

For illustrative purposes a good choice for the relaxation 
function is the three-constant model 

+( t )  = G d ( t )  + Gue-t/h (8) 

Fredrickson and co-workers (13, 14, 30)  have found 
that this model correlates experimental data reasonably 
well. Other choices lead to the same qualitative results 
(11). Using this model for the relaxation function, we 
may invert the Laplace transform of the wall shear stress 
to get 
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Fig. 1. Wall shear stress vs. time for three- 
constant model and Newtonian model. 

The convergence of the convolution integral and associ- 
ated numerical methods are discussed in detail by Hermes 
(I1 ) . Calculations with typical values for the constants 
used are shown in Figure 1. These values were (c.g.s. 
units): q = 16, A = 0.20, GN = 4, GM = 60, and U 
= 100. The Newtonian results are calculated with the 
requirement that 

(11) 

It  is seen from Figure 1 that at times less than the order 
of the relaxation time of the fluid, the viscoelastic model 
predicts lower stresses than for the corresponding New- 
tonian fluid. However, at times of the order of and some- 
what greater than the relaxation time of the fluid, the 
viscoelastic model predicts larger stresses than the New- 
tonian fluid. Finally, at large times the models predict 
nearly identical stresses. Transformin these results to 

the elastic effects occur near the leading edge of the plate; 
at distances farther down the place, inelastic models are 
sufficient. This is not surprising, since it is at the leading 
edge that high shear rates are suddenly applied to the 
fluld. The shear rate is then expected to decrease as the 
fluid progresses down the plate, Near the leading edge, 
the corresponding shear stress for viscoelastic fluids is less 
than that of the inelastic fluid because the shear-free flow 
upstream from the plate is still within the memor 

the stress (relative to that of the inelastic fluid) increases 
as shear rates larger than the current rate are within the 
fluid's memory. At larger distances down the plate the 
shear rate changes very slowly, and thus the resulting 
stresses are about the same for the elastic and correspond- 
ing inelastic fluid. 

It is impossible to draw any quantitative conclusions 
from these results, since the model assumed is linear and 
an actual fluid would show nonlinear behavior at shear 
rates of interest. Likewise, the problem solved is.only a 
prototype problem. Nevertheless, the results are a start- 
ing point in considering the effects of fluid elasticity and 
may be of interest in pointing to the type of effects one 
can expect to encounter. 

boundary-layer flow would seem to in si. icate that most of 

viscoelastic fluid. As the %uid progresses down t K e Of plate the 

EXPERIMENTAL PROCEDURE 

The performance of the classical boundary-layer experiment 
requires that the plate be mounted in a large trough so that 
the constant approach velocity assumption and infinite bound- 

ary conditions of the mathematical problem can be approxi- 
mated. For this to be accomplished larger pumping capacities 
than those that were available to us are required. Since the 
experimental results sought in this study were conceptual in 
nature, a freely falling jet effluxing from a l%-in. pipe and 
impinging on a flat plate was used to simulate the usual 
boundary-layer experiment. In this manner the mathematical 
assumptions would be approximated near the leading edge 
of the plate. 

The pumpin system consisted of a Mo no 0M4 ump 

the free jet were measured by the tracer particle method de- 
scribed below to determine the distance from the pipe exit 
required for the profile to be relaxed. This distance was 
found to be a maximum of about 3 cm. But, to be certain, 
the plate was mounted approximately 6 cm. downstream from 
the pipe exit. 

Fluids Used 
Solutions of 0.7, 1.0, and 1.3% CMC (Hercules Powder 

Company) were used as viscoelastic fluids. Diluted solutions 
of Globe Brand corn syrup (Corn Products), a Newtonian 
fluid, were used to ensure that any observed anomalies were 
due to the viscoelastic nature of the fluids, rather than arti- 
facts of the method used. Table 1 lists the fluids used and 
their properties. 

Kinematical Measurements 

The kinematics of the flow were determined by taking 
motion pictures of tracer particles injected at various positions 
upstream from the plate. The apparatus is shown in Figure 
2. The motion pictures were then read frame-by-frame to get 
the displacement-time relationships for various streamlines. A 
Bolex H16 Reflex 16-mm. camera was used at speeds up to 
about 90 frames/sec. with individual frames exposed for about 
1/500 sec. The tracer particles introduced were small clusters 
of hydrogen bubbles produced by inserting a thin wire into 
the stream, making it cathodic to a d.c. supply, and pulsing 
the current. This method was first introduced by Clutter et al. 
( 4 )  and was studied in detail by Kline et al. (15 ) .  The 
method used here was similar to that of Kline and co-workers. 
Only the tip of a thin insulated copper wire (diameter 0.006 
in.) was bared. This produced a thin but dense cluster of 
bubbles. An electronic pulsing device capable of producing 
pulses with duration from 10 to 700 msec. at frequencies from 
0.2 to 3 sec.-l was used. The thin wire was mounted on a 
rack and pinion and inserted diametrically into the jet to the 
position desired, The electrical system was grounded through 
the piping system. The plate used (0.584 cm. long and 0.023 
cm. thick) was made from 1/64-in. stainless steel stock, 
polished, and sharpened to a knife edge. The plate was in- 
serted approximately 7/8 of the way through the jet so that 
the interface through which the viewing took place was not 
disturbed. Corrections for refraction could then be made 
easily. The length required so that the boundary-layer thick- 
ness at the exit end of the plate was less than the jet radius 

driven by a 5- a p., variable-speed motor. Veocity Y profipes in 

TABLE 1. FLUIDS USED 

Power law Ellis model 
parameters parameters 

Fluid c.g.s. units c.g.s. units 
No. Composition 711. n me n e  YO 

1 0.7% CMC in water 
2 1.0% CMC in water 
3 1.3% CMC in water 
4 90% corn syrup, 10% 

5 83 % corn syrup, 17 % 

0 0.7% CMC in water 
7 1.0% CMC in water 
8 1.3% CMC in water 

water 

water 

8.9 0.57 - - - 
13.4 0.58 - - - 
54.7 0.57 - - - 
- - - -  6.33 

- - - - 2.20 
0.1 0.58 29.1 0.40 1.37 
24.8 0.49 42.1 0.43 6.5 
54.7 0.45 57.2 0.45 17.2 

Vol. 13, No. 2 A.1.Ch.E. Journal Page 255 



RACK AN0 PINION FOR 
CHANGING POSITION OF 
BUBBLE WIRE 

I 

TOP V I E W  

TO GROUND POLE 
MOUNTING 

STANO 
I JET PIPE / O F  

FRONT V I E W  

Fig. 2. Experimental apparatus for kinematical 
measurements. 

was calculated by using the viscous fluid parameters. Approxi- 
mately one-half of this calculated length was used. 

Measurements were made along four streamlines at vary- 
ing distances from the plate. Several particles were followed 
along each streamline. Complete details of the technique are 
available elsewhere ( 11 ). 

Drag Force Measurement 

The total drag on the plate was measured by mounting the 
plate on flexure beams and converting the resulting displace- 
ment to voltage with a linear variable differential transformer 
(020-ML from Schaevitz Engineering Company). Figure 3 
shows the apparatus. After each run the system was calibrated 

MOUNTING STANO 

0.318 cm 

FLEXURE BEAM 
(0.01 cm THICK) 

0.318 cm 

TOP VIEW 

BRASS, I 
ADJUSTMENT 

4 cm 

ATE 
,V.urr, ,rn THICK) 

PLATE HOLDER HOUSING 

LUCITE 

FRONT VIEW 

Fig. 3. Experimental apparatus for drag force 
measurement. 

by hanging various weights on .the plate. Beams of various 
thicknesses could be used to control the sensitivity of the 
instrument. 

Edge and end effects were corrected by inserting the plate 
into the jet at two (or more) positions and subtracting (or  
extrapolating 1. This procedure requires that the edge and/or 
end region not extend over the entire width of the plate for 
any positions used ( see below ) . 
Measurement of Viscous Fluid Parameters 

The viscous fluid properties of the fluids used in the drag 
force experiments were determined from data taken on a cone 
and plate viscometer. In addition the limiting viscosity was 
measured with a falling sphere viscometer by using the method 
of McEachern (16). These measurements were made at the 
University of Wisconsin by Dr. John D. Huppler. The visco- 
metric data were fit to various models by least-squares tech- 
niques. For the fluids used in the kinematical measurements, 
data were taken on a small capillary tube viscometer, and no 
calculations were made from these data. These fluids are desig- 
nated 1-3 in Table 1. 

RESULTS 

Kinematical Measurements 

The kinematical measurements were designed to obtain 
a qualitative and semiquantitative description of the veloc- 
ity as a function of position for flow of viscoelastic fluids 
past a flat plate. As mentioned above, the method used 
was cinematography of tracer particles. The main purpose 
was to see whether or not unusual effects (that is, effects 
different from those observed for inelastic fluids) are 
present. 

The data for the particle position vs. time curves were 
obtained from the movie film by using a pair of dividers 
in conjunction with a photographed reference scale. Data 
were read for several frames before the particle reached 
the plate and all along the plate. Several particles were 
followed alon each streamline so that the nature of the 
curve could Be determined everywhere. The distance 
scale could be read to an accuracy of about 0.03 cm. The 
time scale, the time lapse between frames, was deter- 
mined by reading the stopwatch over a 50-frame interval 
and finding the average. 

Edge effects are produced where the plate enters the 
jet and end effects are present near the end of the plate 
in the jet. Likewise, the potential velocity was not con- 
stant, but was bein accelerated by gravity. Since these 

were made first for the corn syrup solution (Newtonian 
fluid). This was done to make sure that anomalous effects 
were due to the fluid and not the system. Qualitatively, 
the same results would be expected for the power law 
(inelastic) fluids and Newtonian fluids. Thus, departure 
from the qualitative behavior observed for the corn syrup 
solution can then be interpreted as arising from the elas- 
ticity of the fluids. 

The particle path vs. time and corresponding stream- 
line curves for four streamlines of the corn syrup run are 
shown in Figure 4. In these figures Uo is the velocity at 
the leading edge of the plate found by measuring the 
diameter of the jet there and using the pump calibration 
The distance down the plate from the leadin edge is X. 

venience; the slope of the curve is what is important. The 
slope of these curves at a point is the x component of the 
velocity. In principle, then, each curve determines the 
velocity along a streamline. In ractice, however, the 

determination of the velocity in regions where it changes 
rapidly. Nevertheless, the qualitative nature can be easily 
interpreted. A short distance down the plate the velocity 

effects are of an un % etermined importance, measurements 

The zero of time is chosen arbitrarily for potting H 

camera speed was not sufficiently P ast to give an accurate 

con- 
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Fig. 4. Particle position vs. time for Newtonian fluid (fluid 4). 

becomes constant on all four streamlines, indicating that 
the boundary-layer thickness has reached the outer edge 
of the jet and that a steady flow has been attained. When 
a fluid particle on a streamline near the plate surface 
reaches the leading edge, its velocity decreases steadily 
to the steady flow value as seen in Figure 6. For the other 
streamlines a similar behavior is observed, although the 
transition is not as abrupt, of course. All in all, the type 
of behavior is as predicted by Newtonian boundary-layer 
theory. 

Figure 5 shows the particle path vs. time curves for 
1.3% CMC. Again it is noted that a steady velocity is ob- 
tained along all streamlines a few centimeters down the 
plate. However, it is observed that the distance down the 
plate required for steady flow to be attained is consider- 
ably longer than for the corn syrup solution even thou h 

corn syrup. A more striking difference is noted in the be- 
havior of the velocity near the leading edge. Along the 
first streamline, which is very close to the plate, the veloc- 
ity decreases below the steady state velocity, then in- 
creases above it, and finally decreases and approaches the 
steady state velocity. Along the second streamline the 
velocity decreases relatively slowly (compared to New- 
tonian behavior) to a value below the steady velocity and 
then increases and approaches it. The straight line por- 
tion of the curve (that is, steady velocity portion) is ex- 
trapolated back to help emphasize the effect. As the 
streamlines get farther from the plate, the effect gets 
smaller and virtually disappears. Thus, the primary dif- 
ferences between the elastic and the inelastic solutions 
are found near the leading edge and near the surface of 
the plate. A sketch of the velocity vs. distance down the 
plate (x) is given in Figure 6.  

Similar results were observed for the 1.0% and 0.7% 
CMC solutions. However, the effects were smaller for 
the more dilute solutions. 

Since these kinematic anomalies do not appear when 
the experiment is performed for a Newtonian fluid, and 
since the anomalous velocity effects increase with increas- 
ing elasticit (that is, increasing CMC concentration), it 
is conclude c i  that they are a result of the elasticity of the 
fluid. A possible qualitative explanation of this effect is as 
follows: the approaching fluid suddenly has a large rate 
of strain imposed on it as it nears the leading edge of 
the plate, the largest shear rate being near the surface of 
the plate. Due to the elastic nature of the fluid, the re- 
sulting stress is not generated instantaneously, the stress 
at the leading edge being due principally to the previous 
low shear rate history of the fluid. Thus, a slower decrease 
in velocity than for the Newtonian fluid is observed. Then 

the apparent viscosity of the CMC is less than that of t i e 

5- 
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Fig. 5. Particle positions vs. time for viscoelastic fluid (fluid 3). 

the stress due to these large shear rates begins to mount 
and the velocity decreases. As the relaxation process sets 
in, the fluid tends back toward inelastic behavior, since 
the stress relaxation and generation process begin to take 
place at nearly the same rate. When the elasticity and 
shear rate are both high, as for the 1.3% CMC near the 
plate surface, the imbalance of stress relaxation and gen- 
eration rates can produce an oscillation in the velocity 
along a streamline. Unfortunately, because of relatively 
small diameter of the jet, a steady flow was established, 
and the process cannot be followed very far down the 
plate. 

Some meaning can also be given to the results by look- 
ing at them in terms of the solution of Stokes' problem 
discussed above. It was observed for the three-constant 
model that shear stress at the wall was initially less than 
that of the corresponding Newtonian fluid, but became 
greater at times of the order of the relaxation time of the 
fluid. This is precisely the argument used in the intuitive 
explanation of the kinematical results given above. By 
measuring the time for a fluid particle to move from the 

_---- VISCOELASTIC 
- NEWTONIAN 

Y4 > Y3 > Y 2 > Y ,  

1 

DISTANCE DOWN THE PLATE ( X I  
Fig. 6. Schematic diagram of observed kine- 

matic behavior for vircoelastic fluids. 

0 
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leading edge to the point of minimum velocity, one can 
obtain an estimate of the relaxation time of the fluid. The 
results showed values of this time to be roughly 0.05 sec. 
This result corresponds with estimates of relaxation times 
found in the literature (13 ,  30).  Therefore, one can say 
that the solution of Stokes’ problem gives the correct 
qualitative indication. 

Thus, in summary, the large shear rate imposed on the 
viscoelastic fluid as it flows past the leading edge of the 
plate causes time-dependent elastic effects which, in turn, 
produce kinematical disorders. The results of these kine- 
matical measurements indicate that the assumption that 
the kinematical behavior of moderately viscoelastic fluids 
is of the same form as that inelastic fluids is incorrect. 
Thus, order of magnitude analyses such as that made by 
White and Metzner (31)  are probably not good for even 
moderately viscoelastic fluids. 

The quantitative effect of these anomalous flow patterns 
was then investigated by direct measurement of the drag 
force exerted by the fluid on the plate. 

Drag Force Measurements 
The drag force on the plate offers a direct test of the 

applicability of a constitutive equation and the method 
of solution of the equations of change for flow of visco- 
elastic fluids past a flat plate. Since the drag force is the 
variable of chief engineering interest, its accurate predic- 
tion is of primary importance. In particular, one wants to 
know if boundary-layer calculations with the power law 
model used really describe the physical situation for poly- 
mer solutions. 

Before comparing the experimental results with theo- 
retical predictions some corrections must be made and 
some assumptions checked. First of all, true boundary- 
layer flow does not occur over the entire width of the 
plate. The force exerted on the plate was measured for 
the plate extending about % of the way through the jet 
and also for about % of the way through. Let these dis- 
tances, referred to a fixed point be ds and dL, respec- 
tively, and let the corresponding measured forces be Fs 
and F L  (see Figure 7 ) .  Suppose the distance from the 

edge of the jet to the point where boundary-layer flow 
occurs over the entire length of the plate is Ad1 into the 
jet. Let the average force per unit width on the area be 
f e l .  Also true boundary-layer flow may not exist in the 
immediate nei hborhood of the edge of the plate. Let the 

be Ad2 and the corresponding force per unit width f e z .  
It is assumed that true boundary-layer flow occurs over d, 
and dz. Then 

and 

where f is the force per unit width in true boundary-layer 
flow. Subtracting, we get 

but 

then 

Thus, the difference between the measured forces is equal 
to the dra force exerted by boundary-layer flow on a 

The problem of calculatin the drag force on the plate 

erably if it can be assumed that the potential velocity U 
is constant. A photograph of the jet was taken before the 
plate was inserted into it. The diameter of the jet was 
measured at positions corresponding to the leading and 
exit edges of the plate. The corresponding difference in 
the velocity of the stream was found to be about 4%. 
Since only large deviations from predictions of inelastic 
models were of interest, it was decided to use a diameter 
measure halfway down the plate to calculate the potential 
velocity. Then this value of the potential velocity was 
assumed to be constant in the calculations. 

Results of Drag Force Measurements 
The experimentally measured values of the drag force 

and those predicted by various inelastic models with the 
viscometric data of Table 1 used are given in Table 2. 
In Table 2 FN is the drag force calculated by using the 
Blasius solution for the Newtonian model (27); F p  is the 
drag force calculated by using the Acrivos solution for 
the power law model (1 ) ; F E  is the calculated drag force 
by using a Pohlhausen approximation for the modified 
Ellis model (11); and F is the measured drag. The drag 
force measured for the Newtonian corn syrup is very close 
to the value predicted by the Newtonian model. This in- 
dicates that the measurement and the calculation proce- 
dure are good. 

On the other hand, it can be seen that the non-New- 
tonian inelastic models do not predict the drag force for 
the CMC solutions closely. In fact, the measured value 
is more than twice the predicted value in all cases. Thus, 
it can be concluded that the elasticity in the fluid causes 
the inelastic models to be in serious error near the lead- 
ing edge of the plate. The error cannot be because of an 
inadequate description of the non-Newtonian viscosity, 
because the models used fitted the accurately determined 

distance for w P iich true boundary-layer flow does not exist 

f di = FL - fe& - fe&h 

f dz = FS - fe&& - feA& 

(12) 

(13) 

f ( d 1  -dz) = F L - F ~  F (14) 

di -dz = dL-ds = AW (15) 

F = f  a W  (16) 

plate of wi % th AW. 

from theory for various mo f els can be simplified consid- 

TABLE 2. RESULTS OF DRAG FoncE MEASUREMENTS 

U ,  FE,  dynes FP, dynes FN,  dynes F, dynes 
Fluid cm./sec. 10-3 10-3 10-3 10-3 

5 128 - - 2.33 2.35 
8 108 1.24 1.37 - 3.40 
7 108 0.90 0.96 - 2.19 
6 100 0.52 0.58 - 1.42 
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viscosity data very well. Therefore, the reason for failure 
of the power law and Ellis models to describe the actual 
behavior in both this experiment and the kinematical ex- 
periment is certainly that these models neglect the elastic 
nature of the fluids. 

Abnormally large pressure losses in the entrance region 
of a capillary is a well-established experimental fact (17, 
24, 25 ) .  The large drag force observed in these experi- 
ments is a correspondin result. Qualitatively, this in- 
creased drag can ossiby P be explained with reference 
to the experimenta P kinematical observations. It was in- 

the stress was large over much of the plate. T B erefore, a 

ferred from observations that the stress was generated 
faster than it could relax near the leading edge of the 
plate. Since the experimental plate used was uite short, 

much larger drag force than predicted by purely viscous 
theory could result. This type of behavior has been also 
suggested by Metzner and White (18) in their discussion 
of the entrance flow problem. 

CONCLUSIONS 

Effects of elasticity in the flow of viscoelastic fluids past 
a flat plate are pronounced near the leading edge of the 
plate. This is expected, since it is in that region that fluid 
particles experience the most rapidly changing history of 
deformation. Experimentally, elasticity is manifested by 
an oscillation in the velocity alon a streamline, and by 

by inelastic models. Thus, for short plates, at any rate, 
inelastic models or approximate calculations based on the 
assumption that the flow pattern is nearly laminar shear 
are grossly inaccurate, even in relatively dilute polymer 

a drag force which deviates marke 3 ly from that predicted 

solutions. 
The solution of Stokes’ problem with linear viscoelastic 

models used qualitatively Lexplains the experimentally ob- 
served phenomena. It is believed that nonlinear models 
with long memories (integral models) are necessary to 
accurately describe the flow situation near the leading 
edge. 

At distances farther from the leading edge where the 
history of deformation is no longer changing so rapidly, 
the empirical inelastic models are probably sficient.  
Use of the second-order viscoelastic model seems to in- 
troduce much mathematical complication without much 
increase in accuracy, 
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NOTATION 

a defined by Equation (10) 
dl,  dB, Adl, Adz see Figure 7 
f, fei, fez = forces per unit length 
F = corrected dra force 

F L  
F N  
Fp 
Fs 
GN, GM = shear moduli 
m, ~t = power law parameters 
me, ne = Ellis model parameters 

F E  = drag force ca lp culated from modified Ellis model 
= drag force measured in position 1 
= drag force calculated from Newtonian model 
= drag force calculated from power law model 
= drag force measured in position 2 

p, pij, etc. = shear stress tensor 
s = Laplace transform variable 
U = free-stream velocity 
t = time 
u 
xi = current coordinates 
Xi = material coordinates - 
Greek Letters 

rl 
r2 
AW = corrected plate width 
6 = Dirac delta function 
I) = viscosity 
1)0 = zero shear viscosity 
k = relaxation time 
p = density 
$ = relaxation function 
0 2 , 0 3  = material functions 

= x component of velocity 

= Laplace transforms of quantities 

= rate of strain tensor 
= convected derivative of rl 
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